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THE SEMICLASSICAL LIMIT ON A STAR-GRAPH WITH KIRCHHOFF
CONDITIONS
CLAUDIO CACCIAPUOTI, DAVIDE FERMI, AND ANDREA POSILICANO
Abstract. We consider the dynamics of a quantum particle of mass m on a n-edges star-graph
with Hamiltonian HK = −(2m)
−1 h¯2∆ and Kirchhoff conditions in the vertex. We describe the
semiclassical limit of the quantum evolution of an initial state supported on one of the edges and
close to a Gaussian coherent state. We define the limiting classical dynamics through a Liouville
operator on the graph, obtained by means of Kre˘ın’s theory of singular perturbations of self-adjoint
operators. For the same class of initial states, we study the semiclassical limit of the wave and
scattering operators for the couple (HK, H
⊕
D), where H
⊕
D is the free Hamiltonian with Dirichlet
conditions in the vertex.
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1. Introduction
Aim of this work is to provide the semiclassical dynamics and scattering for an approximate
coherent state propagating freely on a star-graph, in presence of Kirchhoff conditions in the vertex.
Since the pioneering work of Kottos and Smilansky [17], having in mind applications to quantum
chaos, the semiclassical limit of quantum graphs is often understood as the study of the distribution
of eigenvalues (or resonances, see [18]) of self-adjoint realizations of −(2m)−1 h¯2∆ on the graph.
To the best of our knowledge, a first study of the semiclassical limit for quantum dynamics
on graphs is due to Barra and Gaspard [2] (see also [3], where the limiting classical model is
comprehensively discussed). In this case, the semiclassical limit is understood in terms of the
convergence of a Wigner-like function for graphs when h¯ (the reduced Planck constant) goes to
zero.
Inspired by the work of Hagedorn [12], instead, we look directly at the dynamics of the wave-
function, for a class of initial states which are close to Gaussian coherent states supported on one
of the edges of the graph.
Closely related to our work is a series of papers by Chernyshev and Shafarevich [6, 8, 9] in which
the authors study the h¯ → 0 limit of Gaussian wave packets propagating on graphs. Their main
interest is the asymptotic growth (for large times) of the number of wave packets propagating on
the graph. The main tool for the analysis is the complex WKB method by Maslov (see [19]). We
also point out the work [7], by the same authors, in which they study the small h¯ asymptotics
of the eigenvalues of Schro¨dinger operators on quantum graphs (with Kirchhoff conditions in the
vertices and in the presence of potential terms).
In our previous work [5] we studied the semiclassical limit in the presence of a singular potential.
Specifically, we considered the operator Hα, which is the quantum Hamiltonian in L
2(R) formally
written as Hα = −
h¯2
2m
∆+αδ0, wherem is the mass of the particle, δ0 is the Dirac-delta distribution
centered in x = 0, and α is a real constant measuring the strength of the potential. Given a Gaussian
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coherent state on the real line of the form
(1.1) ψh¯σ,ξ(x) :=
1
(2πh¯)1/4
√
σ
exp
(
−
1
4h¯σ0σ
(x − q)2 +
i
h¯
p(x− q)
)
for x ∈ R ,
with σ ∈ C, Reσ = σ0 > 0 and ξ ≡ (q, p) ∈ R2, we studied the limit h¯→ 0 of e−i th¯Hα ψh¯σ0,ξ.
To this aim we reasoned as follows. For fixed x ∈ R, consider the classical wave function defined
by
φh¯σ,x : R
2 → C , φh¯σ,x(ξ) := ψh¯σ,ξ(x) .
Consider the vector field X0(q, p) = (p/m, 0) associated to the free classical Hamiltonian h0(q, p) =
p2/(2m) (q is the position and p the momentum of the classical particle of mass m), and the
Liouville operator
dom(L) := C∞0 (R2), L := − i X0 · ∇ = − i
p
m
∂
∂q
.
We set
ξt :=
(
q+
pt
m
,p
)
, At :=
p2t
2m
, σt := σ0 +
it
2mσ0
,
where ξt is the solution of the free Hamilton equations, At is the (free) classical action, and σt
takes into account the spreading of the wave function.
If the dynamics is free (i.e., α = 0), one has the identity(
e−i
t
h¯
H0 ψh¯σ0,ξ
)
(x) = e
i
h¯
Atψh¯σt,ξt(x) .
The latter can be rewritten as
(1.2)
(
e−i
t
h¯
H0 ψh¯σ0,ξ
)
(x) = e
i
h¯
At
(
eitL0φh¯σt,x
)
(ξ) ,
where eitL0 is the realization in L∞(R2) of the strongly continuous (in L2(R2)) group of evolution
generated by the self-adjoint operator L0 = L; explicitly, one has e
itL0f(ξ) = f(ξt).
Since Hα is a self-adjoint extension of H
◦
0 := H0↾ C∞c (R\{0}), mimicking the identity (1.2), we
compared
(
e−i
t
h¯
Hα ψh¯σ0,ξ
)
(x) with e
i
h¯
At
(
eitLβφh¯σt,x
)
(ξ), with Lβ a self-adjoint extension of L
◦
0 := L0↾
C∞c (M0), M0 := R2 \ {(0, p) |p∈R}. Here, β is a real constant which parameterizes the self-adjoint
extension, and it turns out that the optimal choice is β = 2α/h¯ (see [5] for the details).
In the same spirit, in the present work, we study the small h¯ asymptotic of e−i
t
h¯
HK Ξh¯σ0,ξ where
HK is the quantum Hamiltonian obtained as a self-adjoint realization of −(2m)
−1 h¯2∆ on the star-
graph with Kirchhoff conditions in the vertex, and Ξh¯σ,ξ resembles a coherent state concentrated on
one edge of the graph (see Section 1.3 below for the precise definition).
In the following sections of the introduction we give the main definitions and results. Section 2
and 3 contain a detailed description of the quantum and semiclassical dynamics on the star-graph
respectively. In Section 4 we give the proofs of Theorems 1.3 and 1.5. Section 5 contains some
additional remarks and comments. In the appendix we give a proof of a technical result, namely
an explicit formula for the wave operators for the pair (Dirichlet Laplacian, Neumann Laplacian)
on the half-line.
1.1. Quantum dynamics on the star-graph. By star-graph we mean a non-compact graph,
with n edges (or leads) and one vertex. Each edge can be identified with a half-line, the origins of
the half-lines coincide and identify the only vertex of the graph.
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We recall that the Hilbert space associated to the star-graph is L2(G) ≡ ⊕nℓ=1L2(R+), with the
natural scalar product and norm; in particular, for the L2-norm we use the notation
‖ψ‖L2(G) ≡
(∫
G
dx |ψ(x)|2
)1/2
:=
(
n∑
ℓ=1
∫
∞
0
dx |ψℓ(x)|
2
)1/2
.
Ifψ ∈ L2(G), ψℓ ∈ L2(R+) is its ℓ-th component with respect to the decomposition ⊕nℓ=1L2(R+). In a
similar way one can define the associated Sobolev spaces; in particular, we set H2(G) ≡ ⊕nℓ=1H2(R+),
with the natural scalar product and norm.
We are primarily interested in the semiclassical limit of the quantum dynamics generated by the
Kirchhoff Laplacian on the star-graph, which is the operator
dom(HK) :=
{
ψ ∈ H2(G)
∣∣ ψ1(0) = . . . = ψn(0) , n∑
ℓ=1
ψ ′ℓ(0) = 0
}
,(1.3)
HKψ := −
h¯2
2m
ψ ′′ ;(1.4)
here ψ ′′ denotes the element of L2(G) with components ψ ′′ℓ , and ψ(0) (resp., ψ ′(0)) the vector in
C
n with components ψℓ(0) (resp., ψ
′
ℓ(0)). Functions in dom(HK) are said to satisfy Kirchhoff (or
Neumann, or standard, or natural) boundary conditions.
In the analysis of the semiclassical limit of the wave and scattering operators, we will have to
fix a reference dynamics on the star-graph. To this aim we will consider the operator H⊕D (see also
the equivalent definition in Eqs. (2.5) - (2.6) below)
dom(H⊕D) :=
{
ψ ∈ H2(G)∣∣ ψ1(0) = . . . = ψn(0) = 0} ,
H⊕Dψ := −
h¯2
2m
ψ ′′ ;
we remark that H⊕D can be understood as the direct sum of n copies of the Dirichlet Hamiltonian
on the half-line (see Section 2.2 below for further details).
We recall that the quantum wave operators and the corresponding scattering operator on L2(G),
are defined by
Ω± := s-lim
t→±∞
ei
t
h¯
HKe−i
t
h¯
H⊕D ,(1.5)
S := (Ω+)∗Ω− .(1.6)
These operators can be computed explicitly (see Proposition 2.2 and Remark 2.3 below), and
component-wisely for ℓ = 1, . . . , n they read as follows:
(
Ω±ψ
)
ℓ
=
n∑
ℓ ′=1
(
δℓ,ℓ ′ −
1
n
(1∓F∗cFs)
)
ψℓ ′ ,
where Fs and Fc are the Fourier-sine and Fourier-cosine transforms respectively (see Eqs. (2.11)
and (2.12));
(1.7) (Sψ)ℓ =
n∑
ℓ ′=1
(
δℓ,ℓ ′ −
2
n
)
ψℓ ′ .
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1.2. Semiclassical dynamics on a star-graph. The generator of the semiclassical dynamics
on the star-graph is obtained as a self-adjoint realization of the differential operator − i pm
∂
∂q in
⊕nℓ=1L2(R+× R), (q, p) ∈ R+× R. To recover it we will make use of the method to classify the
singular perturbations of self-adjoint operators developed by one of us in [20] (see also [21]).
To do so, the first step is to identify a simple dynamics on the star-graph, more precisely its
generator. We shall consider classical particles moving on the edges of the graph with elastic
collision at the vertex.
We start by considering the dynamics of a classical particle on the half-line with elastic collision
at the origin. We obtain its generator as a limiting case from our previous work [5] and denote it
by LD. We postpone the precise definition of LD to Section 3.1. Here we just note few facts.
LD : dom(LD) ⊂ L2(R+× R)→ L2(R+× R) is self-adjoint and acts on elements of its domain as
(LDf)(q, p) = − i
p
m
∂f
∂q
(q, p) for (q, p) ∈ R+× R .
For all t ∈ R, the action of the unitary evolution group associated to it is explicitly given by
(1.8)
(
eitLDf
)
(q, p) =


f
(
q+
pt
m
,p
)
if q+
pt
m
> 0 ,
− f
(
− q −
pt
m
,−p
)
if q+
pt
m
< 0 .
The (trivial) classical dynamics of a particle on the star-graph with elastic collision at the vertex
can be defined in the following way. Denote by f a function of the form
f ∈ ⊕nℓ=1L2(R+× R) , f(q, p) ≡
f1(q, p)...
fn(q, p)
 .
If ‖f‖⊕nℓ=1L2(R+×R) = 1, |fℓ(q, p)|
2dqdp can be interpreted as the probability of finding a particle on
the ℓ-th edge of the graph, with position in the interval [q, q + dq] and momentum in the interval
[p, p+ dp].
Define the operator L⊕D := ⊕nℓ=1LD; the associated dynamics is generated by the unitary group
eiL
⊕
D
t = ⊕nℓ=1eiLDt, and it is trivial in the sense that it can be fully understood in terms of the
dynamics on the half-line described above.
We consider the map
(γ⊕+ f)ℓ(p) := lim
q→0+
fℓ(q, p) for ℓ = 1, . . . , n ,
defined on sufficiently smooth functions (we refer to Section 3 for the details). This map can be
extended to a continuous one on dom(L⊕D). The operator L
⊕
D ↾ ker(γ
⊕
+) is symmetric; in Theorem 3.3,
by using the approach developed in [20, 21] we identify a family of self-adjoint extensions. Among
those we select the one that turns out to be useful to study the semiclassical limit of exp(−iHKt/h¯)
and denote it by LK.
We postpone the precise definition of LK to Section 3.3, see, in particular, Remark 3.4. Here we
just give component-wisely the formula for the associated unitary group, for ℓ = 1, . . . , n and for
all t ∈ R:
(1.9)
(
eitLKf
)
ℓ
(q, p) =


fℓ
(
q+
pt
m
,p
)
if q+
pt
m
> 0 ,
n∑
ℓ ′=1
( 2
n
− δℓ,ℓ ′
)
fℓ ′
(
− q−
pt
m
,−p
)
if q+
pt
m
< 0 .
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We define the classical wave operators and the corresponding scattering operator on ⊕nℓ=1L2(R+×
R) by
(1.10) Ω±cl := limt→±∞
eitL
⊕
De−itLK
and
(1.11) Scl := (Ω
+
cl)
∗Ω−cl .
These operators can be computed explicitly (see Proposition 3.8 below), and component-wisely
they read as follows for ℓ = 1, . . . , n (θ is the Heaviside step function):
(
Ω±cl f
)
ℓ
=
n∑
ℓ ′=1
(
δℓ,ℓ ′ −
2
n
θ(∓p)
)
fℓ ′ ;
(Scl f)ℓ =
n∑
ℓ ′=1
(
δℓ,ℓ ′ −
2
n
)
fℓ ′ .(1.12)
1.3. Truncated coherent states on the star-graph. In general, there is no natural definition
of a coherent state on a star-graph, neither there is a unique way to extend coherent states through
the vertex. Since we are interested in initial states concentrated on one edge of the graph, we
introduce the following class of initial states. We denote by ψ˜h¯σ,ξ the non-normalized restriction of
ψh¯σ,ξ (see Eq. (1.1)) to R+, namely,
(1.13) ψ˜h¯σ,ξ ∈ L2(R+) , ψ˜h¯σ,ξ(x) = ψh¯σ,ξ(x) for x > 0 .
On the graph we consider the quantum states defined as
Definition 1.1 (Quantum states). Let σ ∈ C, with Reσ = σ0 > 0, and ξ = (q, p) ∈ R+× R;
consider any normalized function Ξh¯σ,ξ ∈ L2(R+), such that
(1.14)
∥∥Ξh¯σ,ξ − ψ˜h¯σ,ξ∥∥L2(R+) ≤ C0 e− ε q2h¯|σ|2 for some C0, ε > 0 .
We are primarily interested in quantum states on the star-graph of the form
Ξh¯σ,ξ ∈ L2(G) , Ξh¯σ,ξ ≡

Ξh¯σ,ξ
0
...
0
 .
Correspondingly, we will consider the family of classical states
Definition 1.2 (Classical states). For any σ, ξ, and Ξh¯σ,ξ as in Definition 1.1, consider the function
Σh¯σ,x : R+× R→ C defined by
(1.15) Σh¯σ,x(ξ) := Ξ
h¯
σ,ξ(x) .
We will make use of the family of classical states on the star-graph given by
Σh¯σ,x ∈ ⊕nℓ=1L2(R+× R) , Σh¯σ,x ≡

Σh¯σ,x
0
...
0
 .
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1.4. Main results. Our first result concerns the semiclassical limit of the dynamics.
Theorem 1.3. Let σ0 > 0, ξ = (q, p) ∈ R+× R and consider any initial state of the form Ξh¯σ0,ξ,
together with its classical analogue Σh¯σ0,x. Then, for all t ∈ R there holds
(1.16)(∫
G
dx
∣∣∣e−i th¯HKΞh¯σ0,ξ(x) − e ih¯At(eitLKΣh¯σt,x)(ξ)∣∣∣2)1/2≤ C0 e− ε q2h¯σ20 + 2C0 e− ε (q+pt/m)2h¯|σt|2 +√2 e− q24h¯σ20 .
Remark 1.4. Let tcoll(ξ) := −mq/p be the classical collision time. Whenever |t − tcoll| ≤
ηmσ0
√
h¯/|p| for some positive constant η the second term on the right-hand side of Eq. (1.16) is
larger than 2C0 e
−εη2 .
In the second part of our analysis we study the semiclassical limit of the wave operators and of
the scattering operator.
Theorem 1.5. Let σ0 > 0, ξ = (q, p) ∈ R+×(R\{0}) and consider any state of the form Ξh¯σ0,ξ,
together with its classical analogue Σh¯σ0,x. Then, there hold
(1.17)
(∫
G
dx
∣∣∣Ω± Ξh¯σ0,ξ(x) − (Ω±clΣh¯σ0,x)(ξ)∣∣∣2)1/2 ≤
√
2
n
(√
2C0 e
− ε q
2
h¯σ2
0 + e
−
q2
4h¯σ2
0 + e−
σ2
0
p2
h¯
)
,
and
(1.18) SΞh¯σ0,ξ(x) = (Scl Σ
h¯
σ0,x
)(ξ) .
Identity (1.18) is an immediate consequence of Eqs. (1.7) and (1.12), and of the definitions of
Ξh¯σ0,ξ and Σ
h¯
σ0,x
.
Remark 1.6. Eq. (1.17) makes evident that Ω± Ξh¯σ0,ξ and (Ω
±
cl Σ
h¯
σ0,(·))(ξ) are exponentially close
(with respect to the natural topology of L2(G)) in the semiclassical limit h¯σ20 /q2, h¯/σ20 p2→0+ for
any ξ = (q, p) with q > 0 and p 6= 0.
As a matter of fact, it can be proved that the relation (1.17) remains valid also for p = 0 if one
puts (Ω±cl Σ
h¯
σ0,x
)(q, 0) = Σh¯σ0,x(q, 0); the latter position appears to be reasonable and is indeed
compatible with the computations reported in the proof of Proposition 3.8. Nonetheless, since
exp(−σ20 p
2/h¯) = 1 in this case, the resulting upper bound is of limited interest for what concerns
the semi-classical limit. To say more, for p = 0 and h¯σ20 /q
2 (or C0) small enough, by a variation
of the arguments described in the proof of Theorem 1.5 one can derive the lower bound(∫
G
dx
∣∣∣Ω± Ξh¯σ0,ξ(x) − (Ω±clΣh¯σ0,x)(ξ)∣∣∣2)1/2 ≥
√
2
n
(
1− e
−
q2
4h¯σ2
0 −
√
2C0 e
− ε q
2
h¯σ2
0
)
.
This shows that, as might be expected, the classical scattering theory does not provide a good
approximation for the quantum analogue when p = 0. On the contrary, notice that Eq. (1.16)
ensures a significant control of the error for the dynamics at any finite time t ∈ R even for p = 0.
2. The quantum theory
2.1. Dirichlet dynamics on the half-line. Let us first consider the free quantum Hamiltonian
for a quantum particle of mass m on the whole real line, defined as usual by
H0 : H
2(R) ⊂ L2(R)→ L2(R) , H0ψ := − h¯2
2m
ψ ′′ ,
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together with the associated free unitary group U0t := e
−i t
h¯
H0 (t ∈ R). Correspondingly, let us
recall that for any ψ ∈ L2(R) we have
(U0t ψ)(x) =
√
m
2πih¯t
∫
R
dy ei
m
2h¯
(x−y)2
t ψ(y) .(2.1)
Let us further introduce the Dirichlet Hamiltonian on the half-line R+, defined as usual by
dom(HD) := H
1
0(R+) ∩H2(R+) , HDψ := −
h¯2
2m
ψ ′′ ,
and refer to the associated unitary group UDt := e
−i t
h¯
HD (t ∈ R). As well known, the latter operator
can be expressed as
UDt = U−t − U+t ,(2.2)
where, in view of the identity (2.1), we introduced the bounded operators on L2(R+) defined as
follows for ψ ∈ L2(R+) and x ∈ R+:
(U±t ψ)(x) :=
√
m
2πih¯t
∫
∞
0
dy ei
m
2h¯
(x±y)2
t ψ(y) .(2.3)
Remark 2.1. Let us consider the bounded operator
Θ : L2(R+)→ L2(R) , (Θψ)(x) = {ψ(x) if x > 0 ,
0 if x < 0 ,
together with its adjoint
Θ∗ : L2(R)→ L2(R+) , (Θ∗ψ)(x) = ψ(x) (x ∈ R+) .
Namely, Θ gives the extension by zero to the whole real line R of any function on R+, while Θ
∗ is
the restriction to R+ of any function on R. Note that Θ is an isometry. In fact, Θ
∗Θ is the identity
on L2(R+) and ΘΘ
∗ is an orthogonal projector (but not the identity) on L2(R); more precisely, we
have (θ is the Heaviside step function)
Θ∗Θ = 1 on L2(R+) ,
ΘΘ∗ : L2(R)→ L2(R) , (ΘΘ∗ψ)(x) = θ(x)ψ(x) (x ∈ R) .
To proceed let us consider the parity operator
P : L2(R)→ L2(R) , (Pψ)(x) = ψ(−x) (x ∈ R) .
Of course P is a unitary, self-adjoint involution which commutes with the free Hamiltonian H0, i.e.,
H0 P = PH0 .
Furthermore it can be checked by direct inspection that
ran(PΘ) = ker(Θ∗)
Using the bounded linear maps introduced above, one can express the operators defined in Eq.
(2.3) as follows:
U−t = Θ∗U0t Θ , U+t = Θ∗PU0t Θ = Θ∗U0t PΘ .(2.4)
Recalling that (U0t)
∗ = U0−t, the above relation allow us to infer
(U−t )∗ = U−−t , (U+t )∗ = U+−t .
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Let us finally point out that, on account of the obvious operator norms ‖Θ‖ = ‖Θ∗‖ = 1, ‖U0t‖ = 1
and ‖P‖ = 1, from Eq. (2.4) it readily follows
‖U±t ‖ ≤ 1 .
2.2. Dirichlet and Kirchhoff dynamics on the star-graph. Let us now introduce the quantum
Hamiltonian on the graph G, corresponding to Dirichlet boundary conditions at the vertex. This
coincides with the direct sum of n copies of the Dirichlet Hamiltonian HD on the half-line R+,
namely:
dom(H⊕D) := ⊕nℓ=1 dom(HD) =
(⊕nℓ=1H10(R+)) ∩H2(G) ,(2.5)
H⊕D := ⊕nℓ=1HD : dom(H⊕D) ⊂ L2(G)→ L2(G) , H⊕Dψ := − h¯22m
 ψ
′′
1
...
ψ ′′n
 .(2.6)
In view of the identity (2.2), it can be readily inferred that the corresponding unitary group e−i
t
h¯
H⊕
D
(t ∈ R) can be expressed as
e−i
t
h¯
H⊕
D = ⊕nℓ=1 U−t − ⊕nℓ=1 U+t ,(2.7)
where U±t is defined as in Eq. (2.3).
To proceed let us consider the Kirchhoff Hamiltonian on the graph G. This is defined as in Eqs.
(1.3) (1.4). In what follows we denote by S the n× n matrix with components
(2.8) (S)ℓ,ℓ ′ := δℓ,ℓ ′ −
2
n
, for ℓ, ℓ ′ = 1, . . . , n .
By a slight abuse of notation we use the same symbol to denote the operator in L2(G) defined by
(Sψ)ℓ :=
n∑
ℓ ′=1
(S)ℓ,ℓ ′ψℓ ′ ψ ∈ L2(G) .
By arguments similar to those given in the proof of [1, Thm. 2.1] (cf. also [11] and [15, Eq. (7.1)])
we get
e−i
t
h¯
HK = ⊕nℓ=1 U−t − S⊕nℓ=1 U+t .(2.9)
2.3. The quantum wave operators and scattering operator. Let us consider the wave op-
erators and the corresponding scattering operator on L2(G) respectively defined in Eqs. (1.5) and
(1.6).
Since HK has purely absolutely continuous spectrum σ(HK) = [0,∞), we have that Ω± are
unitary on the whole Hilbert space L2(G), i.e.,
(Ω±)∗Ω± = 1 ,
which in turn ensures1
(2.10) ‖Ω±‖ = 1 .
1Of course, the same identity (2.10) can be derived straightforwardly from the fact that Ω± are defined as strong
limits of unitary operators.
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Let us define the unitary operators Fs : L2(R+)→ L2(R+) and Fc : L2(R+)→ L2(R+):
(Fsψ)(k) := − 2i√
2π
∫
∞
0
dx sin(kx)ψ(x) (k ∈ R+) ;(2.11)
(Fcψ)(k) := 2√
2π
∫
∞
0
dx cos(kx)ψ(x) (k ∈ R+) .(2.12)
The wave operators can be computed explicitly. To this aim one could use the results from Weder
[22] (see also references therein), with some modifications, since in [22] the reference dynamics is
given by the Hamiltonian with Neumann boundary conditions. For the sake of completeness, we
prefer to give an explicit derivation of the result, obtained by taking the limit t → ±∞ on the
unitary groups. We remark that in [22] the formulae are obtained by using the Jost functions.
We have the following explicit formulae for the wave operators:
Proposition 2.2. The quantum wave operators can be expressed as
(2.13) Ω± =
1
2
⊕nℓ=1 (1±F∗cFs) +
1
2
S⊕nℓ=1(1∓F∗cFs) .
Proof. By Eqs. (2.7) and (2.9) we easily obtain the identity
(2.14) Ω± = s-lim
t→±∞
(⊕nℓ=1(U−−t U−t − U−−t U+t ) + S⊕nℓ=1(U+−t U+t − U+−t U−t )) .
Let us find more convenient expressions for the operators on the right-hand side. Let ψ ∈ L2(R+)
and define
ψe(x) :=
{
ψ(x) if x > 0
ψ(−x) if x < 0
; ψo(x) :=
{
ψ(x) if x > 0
−ψ(−x) if x < 0
.
So, in view of Remark (2.1), we have Θψ = ψe+ψo2 . Hence, see Eq. (2.4),
U−−t U−t ψ = Θ∗U0−tΘΘ∗U0t Θψ
=
1
4
Θ∗
[
U0−t(Θ
∗U0tψe)e +U
0
−t(Θ
∗U0tψo)e +U
0
−t(Θ
∗U0tψe)o +U
0
−t(Θ
∗U0tψo)o
]
(since U0tψe is even and U
0
tψo is odd, (Θ
∗U0tψe)e = U
0
tψe and (Θ
∗U0tψo)o = U
0
tψo we get)
=
1
4
Θ∗
[
ψe +U
0
−t(Θ
∗U0tψo)e +U
0
−t(Θ
∗U0tψe)o +ψo
]
=
1
2
ψ+
1
4
Θ∗
[
U0−t(Θ
∗U0tψo)e +U
0
−t(Θ
∗U0tψe)o
]
.
On the other hand,
U−−t U+t ψ = Θ∗U0−tΘΘ∗U0t PΘψ
(Since PΘψ = P(ψe +ψo)/2 = (ψe −ψo)/2 we get)
=
1
4
Θ∗
[
U0−t(Θ
∗U0tψe)e −U
0
−t(Θ
∗U0tψo)e +U
0
−t(Θ
∗U0tψe)o −U
0
−t(Θ
∗U0tψo)o
]
=
1
4
Θ∗
[
ψe −U
0
−t(Θ
∗U0tψo)e +U
0
−t(Θ
∗U0tψe)o −ψo
]
=
1
4
Θ∗
[
−U0−t(Θ
∗U0tψo)e +U
0
−t(Θ
∗U0tψe)o
]
.
Hence
(U−−t U−t − U−−t U+t )ψ =
1
2
ψ+
1
2
Θ∗U0−t(Θ
∗U0tψo)e .
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Recall that UDt is the unitary group generated by the Dirichlet Laplacian on the half-line; its
integral kernel is given by
UDt (x, y) = U
0
t(x− y) −U
0
t(x + y) for x, y ∈ R+ .
Moreover, let UNt be the unitary group generated by the Neumann Laplacian on the half-line; its
integral kernel is given by
UNt (x, y) = U
0
t(x− y) +U
0
t(x + y) for x, y ∈ R+ .
Note that, for x ∈ R+,
(Θ∗U0t ψo)(x) =
∫
R
dy U0t(x− y)ψo(y) =
∫
∞
0
dy
(
U0t(x− y) −U
0
t(x+ y)
)
ψ(y) = (UDt ψ)(x) ,
similarly
(Θ∗U0t ψe)(x) =
∫
∞
0
dy
(
U0t(x− y) +U
0
t(x + y)
)
ψ(y) = (UNt ψ)(x) .
Hence,
Θ∗U0−t(Θ
∗U0t ψo)e = Θ
∗U0−t(U
D
t ψ)e = U
N
−tU
D
t ψ ,
and
(2.15) (U−−t U−t − U−−t U+t )ψ =
1
2
ψ+
1
2
UN−tU
D
t ψ .
A similar computation gives
U+−t U+t ψ = Θ∗U0−t PΘΘ∗U0t PΘψ
=
1
4
Θ∗
[
U0−t(Θ
∗U0tψe)e −U
0
−t(Θ
∗U0tψo)e −U
0
−t(Θ
∗U0tψe)o +U
0
−t(Θ
∗U0tψo)o
]
=
1
2
ψ−
1
4
Θ∗
[
U0−t(Θ
∗U0tψo)e +U
0
−t(Θ
∗U0tψe)o
]
,
and
U+−t U−t ψ = Θ∗U0−t PΘΘ∗U0t Θψ
=
1
4
Θ∗
[
U0−t(Θ
∗U0tψe)e +U
0
−t(Θ
∗U0tψo)e −U
0
−t(Θ
∗U0tψe)o −U
0
−t(Θ
∗U0tψo)o
]
=
1
4
Θ∗
[
U0−t(Θ
∗U0tψo)e −U
0
−t(Θ
∗U0tψe)o
]
.
Hence
(2.16) (U+−t U+t − U+−t U−t )ψ =
1
2
ψ−
1
2
Θ∗U0−t(Θ
∗U0tψo)e =
1
2
ψ−
1
2
UN−tU
D
t ψ .
To compute the wave operator we have to evaluate the limits s-limt→±∞UN−tU
D
t ; the latter give
the wave operators Ω±ND for the pair (Dirichlet Laplacian, Neumann Laplacian) on the half-line,
which are computed in Proposition A.1 and equal ±F∗cFs. This, together with Eqs. (2.14), (2.15),
and (2.16) concludes the proof of identity (2.13). 
Remark 2.3. Note that the wave operators do not depend on h¯. Moreover the scattering operator
is given by2
(2.17) S = (Ω+)∗Ω− = S ,
2The last identity in Eq. (2.17) can be derived by a simple computation starting from Eq. (2.13), recalling that Fs
and Fc are unitary operators, and noting that S
∗= S, S2 = 1.
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the same formula is written component-wisely in Eq. (1.7). The matrix S given here equals −σ(v),
where σ(v) is the scattering matrix at the vertex, as defined in [4, Def. 2.1.1.] (see also [4, Ex. 2.1.7,
p. 41] and [16, Ex. 2.4]). The minus sign is due to the fact that as reference Hamiltonian we chose
Dirichlet boundary conditions, instead of Neumann boundary conditions, see also [16].
3. The semiclassical theory
3.1. Classical dynamics on the half-line with elastic collision at the origin. We start
by recalling some basic definitions and results from [5]. Let X0(q, p) = (p/m, 0) be the vector field
associated to the free (classical) Hamiltonian of a particle of mass m and consider the differential
operator
L : S ′(R2)→ S ′(R2) , Lf := − i X0 · ∇f
in the space of tempered distributions S ′(R2).
We denote by
L0 : dom(L0) ⊆ L2(R2)→ L2(R2) , (L0f)(q, p) = − i p
m
∂f
∂q
(q, p) ,
dom(L0) :=
{
f ∈ L2(R2)
∣∣ Lf ∈ L2(R2)} ,
the maximal realization of L in L2(R2). Posing R0z := (L0 − z)
−1 for z ∈ C\R one has
(3.1) (R0zf)(q, p) = sgn(Im z)
im
|p|
∫
R
dq ′ θ((q − q ′)p Im z) eimz(q−q
′)/p f(q ′, p) .
Moreover the action of the (free) unitary group eitL0 (t ∈ R) is given by(
eitL0f
)
(q, p) = f
(
q+
pt
m
,p
)
.
For any f ∈ S(R2) we define the map (γf)(p) := f(0, p). For a comparison with the results in
[5, Sec. 2], recall that the map γ can be equivalently defined as (γf)(p) = 1√
2π
∫
R
dk f˜(k, p) where
f˜(k, p) is the Fourier transform of f(q, p) in the variable q. By [5, Lem. 2.1], the map γ extends
to a bounded operator γ : dom(L0) → L2(R, |p|dp), where dom(L0) ⊂ L2(R) is endowed with the
graph norm. For any z ∈ C\R, we define the bounded linear map
Gz : L
2(R, |p|−1dp)→ L2(R2) , Gz := (γR0z¯)∗
(here L2(R, |p|−1dp) and L2(R, |p|dp) are considered as a dual couple with respect to the duality
induced by the scalar product in L2(R)). An explicit calculation gives
(Gzu)(q, p) = θ(qp Im z) sgn(Im z)
im
|p|
eimzq/p u(p) .
Next we consider the classical motion of a point particle of mass m on the whole real line, with
elastic collision at the origin. The generator of the dynamics, denoted by L∞, is obtained as a
limiting case, for β→∞, of the operator Lβ defined in [5]. To this aim we set
Λ∞z : L
2(R, |p|dp)→ L2(R, |p|−1dp) , (Λ∞z u)(p) := i sgn(Im z) 2|p|m u(p) .
In addition, let us consider the projector on even functions (here either ρ(p) = |p| or ρ(p) = |p|−1)
Πev : L
2(R, ρdp)→ L2(R, ρdp) , (Πevf)(p) := 1
2
(
f(p) + f(−p)
)
.
12 CLAUDIO CACCIAPUOTI, DAVIDE FERMI, AND ANDREA POSILICANO
By [5, Thm. 2.2], here employed with β→∞, the operator L∞ is defined by
dom(L∞) :=
{
f ∈ L2(R2) ∣∣ f = fz +GzΛ∞z Πevγfz , fz ∈ dom(L0)} ,
(L∞ − z)f = (L0 − z)fz ,
for all z ∈ C\R. The associated resolvent operator R∞z := (L∞ − z)−1 (z ∈ C\R) can be expressed
as follows, in terms of the free resolvent R0z and of the trace operator γ:
(3.2) (R∞z f)(q, p) = (R
0
zf)(q, p) − θ(qp Im z) e
imzq/p
[
(γR0zf)(p) + (γR
0
zf)(−p)
]
.
More explicitly, we have
(R∞z f)(q, p) = sgn(Im z)
im
|p|
∫
R
dq ′
[
θ
(
(q − q ′)p Im z
)
eimz(q−q
′)/p f(q ′, p)
− θ(qp Im z)
(
θ(−q ′p Im z) eimz(q−q
′)/p f(q ′, p) + θ(q ′p Im z) eimz(q+q
′)/p f(q ′,−p)
)]
.(3.3)
Correspondingly, let us recall that [5, Prop. 2.4] gives, for all t ∈ R,
(3.4)
(
eitL∞f
)
(q, p) =
(
eitL0f
)
(q, p) − θ(−tqp)θ
(
|pt|
m
− |q|
)[(
eitL0f
)
(q, p) +
(
eitL0f
)
(−q,−p)
]
(here, for a comparison with [5], we used
(
eitL0f(− · ,− · ))(q, p) = (eitL0f)(−q,−p) ).
To proceed, let us introduce the lateral traces defined by(
γ+(R
∞
z f)
)
(p) := (γR0zf)(p) − θ(p Im z)
[
(γR0zf)(p) + (γR
0
zf)(−p)
]
= θ(−p Im z) (γR0zf)(p) − θ(p Im z) (γR
0
zf)(−p) ,(3.5) (
γ−(R
∞
z f)
)
(p) := (γR0zf)(p) − θ(−p Im z)
[
(γR0zf)(p) + (γR
0
zf)(−p)
]
= θ(p Im z) (γR0zf)(p) − θ(−p Im z) (γR
0
zf)(−p)(3.6)
(here we used the trivial identity θ(−s) = 1−θ(s) ). Clearly, γ±(R∞z f) are odd functions and, using
again [5, Lem. 2.1],
(3.7) γ± : dom(L∞)→ L2odd(R, |p|dp)
is a bounded operator. We remark that the action of γ± can be understood as
(
γ±(R∞z f)
)
(p) =
limq→0±(R
∞
z f)(q, p).
For the subsequent developments it is convenient to express the free resolvent R0z in terms of R
∞
z .
More precisely, we have the following explicit characterization.
Lemma 3.1. For any z ∈ C\R and for any f ∈ L2(R2), there holds
(R0zf)(q, p) = (R
∞
z f)(q, p) − θ(qp Im z) sgn(q) e
imzq/p
[
(γ+R
∞
z f)(p) − (γ−R
∞
z f)(p)
]
.
Proof. From Eqs. (3.5) and (3.6) we readily infer that
θ(−p Im z) (γ+R
∞
z f)(p) = θ(−p Im z) (γR
0
zf)(p) ,
θ(p Im z) (γ−R
∞
z f)(p) = θ(p Im z) (γR
0
zf)(p) .
The above relations imply, in turn,
(γR0zf)(p) = θ(−p Im z) (γ+R
∞
z f)(p) + θ(p Im z) (γ−R
∞
z f)(p) ,
and, since γ±R∞z f are odd functions,
(γR0zf)(−p) = − θ(p Im z)
(
γ+R
∞
z f
)
(p) − θ(−p Im z)
(
γ−R
∞
z f
)
(p) .
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Substituting the latter identities into Eq. (3.2) and noting that
θ(qp Im z) =
(
θ(q) + θ(−q)
)
θ(qp Im z) = θ(q)θ(p Im z) + θ(−q)θ(−p Im z) ,
and
sgn(q)θ(qp Im z) = θ(q)θ(p Im z) − θ(−q)θ(−p Im z) ,
we obtain
(R∞z f)(q, p)
= (R0zf)(q, p) − e
imzq/p
[
θ(q)θ(p Im z) (γ−R
∞
z f)(p) − θ(q)θ(p Im z) (γ+R
∞
z f)(p)
+ θ(−q)θ(−p Im z) (γ+R
∞
z f)(p) − θ(−q)θ(−p Im z) (γ−R
∞
z f)(p)
]
= (R0zf)(q, p) + θ(qp Im z) sgn(q) e
imzq/p
[
(γ+R
∞
z f)(p) − (γ−R
∞
z f)(p)
]
,
which suffices to infer the thesis. 
Similarly, for the unitary operator describing the dynamics we have
Lemma 3.2. For any t ∈ R and for any f ∈ L2(R2), there holds(
eitL0f
)
(q, p) =
(
eitL∞f
)
(q, p) − θ(−tqp)θ
(
|pt|
m
− |q|
)[(
eitL∞f
)
(q, p) +
(
eitL∞f
)
(−q,−p)
]
.
Proof. First note that the identity in Eq. (3.4) entails(
eitL∞f
)
(−q,−p) =
(
eitL0f
)
(−q,−p) − θ(−tqp)θ
(
|pt|
m
− |q|
)[(
eitL0f
)
(q, p) +
(
eitL0f
)
(−q,−p)
]
.
From the above relation and the previously cited equation, we derive(
eitL∞f
)
(q, p) +
(
eitL∞f
)
(−q,−p)
=
(
1− 2 θ(−tqp)θ
(
|pt|
m
− |q|
))[(
eitL0f
)
(q, p) +
(
eitL0f
)
(−q,−p)
]
,
which in turn implies
θ(−tqp)θ
(
|pt|
m
− |q|
)[(
eitL∞f
)
(q, p) +
(
eitL∞f
)
(−q,−p)
]
= − θ(−tqp)θ
(
|pt|
m
− |q|
)[(
eitL0f
)
(q, p) +
(
eitL0f
)
(−q,−p)
]
.
The thesis follows upon substitution of the above identity into Eq. (3.4). 
Let us now consider the natural decomposition3
L2(R2) ≡ L2((R− ∪ R+)×R, dqdp) = (L2(R−, dq)⊕ L2(R+, dq))⊗ L2(R, dp)(3.8)
=
(
L2(R−, dq)⊗ L2(R, dp)
)⊕ (L2(R+, dq)⊗ L2(R, dp)) = L2(R−×R)⊕ L2(R+× R) ,
and notice that both the subspaces L2(R−×R) ≡ L2(R−×R)⊕ {0} and L2(R+×R) ≡ {0}⊕L2(R+×R)
are left invariant by the resolvent R∞z , this is evident from Eq. (3.3). Taking this into account, we
introduce the bounded operator
(3.9) RDz : L
2(R+× R)→ L2(R+× R) , (RDz f)(q, p) := (R∞z (0⊕ f))(q, p) .
3All the equalities in Eq. (3.8) must be understood as isomorphisms of Hilbert spaces (see, e.g., [13, p. 85]).
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By direct computations, from Eq. (3.3) (here employed with q > 0) we get(
RDz f
)
(q, p)
= sgn(Im z)
im
|p|
∫
∞
0
dq ′
[
θ
(
(q− q ′)p Im z
)
eimz(q−q
′)/p f(q ′, p) − θ(p Im z) eimz(q+q
′)/p f(q ′,−p)
]
= sgn(Im z)
im
|p|
eimzq/p
[
θ(p Im z)
( ∫q
0
dq ′ e−imzq
′/p f(q ′, p) −
∫
∞
0
dq ′ eimzq
′/p f(q ′,−p)
)
+ θ(−p Im z)
∫
∞
q
dq ′ e−imzq
′/p f(q ′, p)
]
.
We denote by LD the self-adjoint operator in L
2(R+× R) having RDz as resolvent, so that
(3.10) dom(LD) =
{
f ∈ L2(R+× R)
∣∣ (0⊕ f) ∈ dom(L∞)} , LDf := L∞ (0⊕ f) .
For all (q, p)∈R+×R, t∈R and f∈ L2(R+×R), from the above definition and from Eq. (3.4) we
get4 (
eitLDf
)
(q, p) =
(
eitL∞(0⊕ f))(q, p)
= θ
(
q+
pt
m
)(
eitL0(0⊕ f))(q, p) − θ(− q− pt
m
)(
eitL0(0⊕ f))(−q,−p) ,(3.11)
which describes the motion of a classical particle on the half-line R+ with elastic collision at q = 0.
Let us also mention that, in view of the basic identity(
eitL0(0⊕ f))(q, p) = θ(q+ pt
m
)(
eitL0(0⊕ f))(q, p) ,(3.12)
the above relation (3.11) is equivalent to(
eitLDf
)
(q, p) =
(
eitL0(0⊕ f))(q, p) − (eitL0(0⊕ f))(−q,−p) .(3.13)
Another equivalent (and more explicit) formula for the action of the unitary group eitLD is the one
given in Eq. (1.8).
Finally, from Lemmata 3.1 and 3.2 (here employed with q > 0) we derive, respectively,(
R0z(0⊕ f)
)
(q, p) = (RDz f)(q, p) − θ(p Im z) e
imzq/p (γ+R
D
z f)(p) ,(
eitL0(0⊕ f))(q, p) = θ(q + pt
m
)(
eitLDf
)
(q, p) − θ
(
−q−
pt
m
)(
eitLDf
)
(−q,−p) .(3.14)
3.2. Classical dynamics on the graph with total reflection at the vertex. Let us now
consider the “classical” Hilbert space ⊕nℓ=1L2(R+× R) and indicate any of its elements with the
vector notation
f ∈ ⊕nℓ=1L2(R+× R) , f(q, p) ≡
 f1(q, p)...
fn(q, p)
 .
Let LD be defined according to Eq. (3.10), and consider the classical dynamics on the star-graph
G with total elastic collision in the vertex; this is described by the self-adjoint operator
L⊕D := ⊕nℓ=1LD .
4Note that for q > 0 we have θ(−tqp) θ
(
|pt|
m
− |q|
)
= θ(−tp) θ
(
−pt
m
− q
)
= θ
(
−q− pt
m
)
= 1− θ
(
q + pt
m
)
.
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The associated resolvent and time evolution operators are respectively given by
RD⊕z := (L
⊕
D − z)
−1 = ⊕nℓ=1RDz ,
eitL
⊕
D = ⊕nℓ=1eitLD .
Explicitly, for ℓ = 1, . . . , n and t ∈ R, from Eq. (1.8) we derive
(
eitL
⊕
Df
)
ℓ
(q, p) =


fℓ
(
q+
pt
m
,p
)
if q +
pt
m
> 0 ,
− fℓ
(
− q−
pt
m
,−p
)
if q +
pt
m
< 0 .
3.3. Singular perturbations of the classical dynamics on the graph. Let us consider the
restriction to dom(LD) of the trace map γ+ introduced in Eq. (3.7); this defines a bounded operator
γ+ : dom(LD)→ L2odd(R, |p|dp) .
We use the above map to define a trace operator on the graph:
γ⊕+ := ⊕nℓ=1γ+ : ⊕nℓ=1dom(LD)→ ⊕nℓ=1L2odd(R, |p|dp) .
In what follows we use the technique developed by one of us in [20, 21] to characterize all the
self-adjoint extensions of the symmetric operator L⊕D↾ ker(γ
⊕
+) (see Theorem 3.3 below). Among
those we select the one that turns out to be useful to study the semiclassical limit of exp(−iHKt/h¯),
see Remark 3.4.
To proceed, we introduce the operator
G˘⊕z := γ
⊕
+R
D⊕
z ≡ ⊕nℓ=1G˘+z : ⊕nℓ L2(R+× R)→ ⊕nℓ=1L2odd(R, |p|dp) , G˘+z := γ+RDz ,
and its adjoint with complex conjugate parameter,
G⊕z :=
(
G˘⊕z¯
)∗ ≡ ⊕nℓ=1G+z : ⊕nℓ L2odd(R, |p|dp)→ ⊕nℓ=1L2(R+× R) , G+z := (G˘+z¯ )∗ .
Note that by Eq. (3.1) one has(
γR0z(0⊕ f)
)
(p) = sgn(Im z)
im
|p|
∫
∞
0
dq ′ θ(−p Im z) e−imzq
′/p f(q ′, p) .
From the latter identity, together with Eqs. (3.9) and (3.5), we derive
(G˘+z f)(p) =
(
γ+R
∞
z (0⊕ f)
)
(p)(3.15)
= θ(−p Im z)
(
γR0z(0⊕ f)
)
(p) − θ(p Im z)
(
γR0z(0⊕ f)
)
(−p) ,
= sgn(Imz)
im
|p|
∫
∞
0
dq ′
(
θ(−p Im z) e−imzq
′/p f(q ′, p) − θ(p Im z) eimzq
′/p f(q ′,−p)
)
.
In view of the latter expression, for all f ∈ L2(R+× R) and any φ ∈ L2odd(R, |p|dp) we have∫
R+×R
dqdp (G+z φ)(q, p) f(q, p) =
∫
R
dpφ(p) (G˘+z¯ f)(p)
=
∫
R
dpφ(p)
(
sgn(Imz¯)
im
|p|
∫
∞
0
dq
(
θ(−p Im z¯) e−imz¯q/p f(q, p) − θ(p Im z¯) eimz¯q/p f(q,−p)
))
=
∫
R+×R
dqdp
(
φ(p) − φ(−p)
)
θ(pImz) sgn(Imz)
(
−
im
|p|
)
e−imz¯q/p f(q, p)
=
∫
R+×R
dqdpθ(pImz) sgn(Imz)
2im
|p|
eimzq/pφ(p) f(q, p) ,
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which proves that
(3.16) (G+z φ)(q, p) = 2gz(q, p)φ(p) , gz(q, p) := θ(pImz) sgn(Imz)
im
|p|
eimzq/p .
On account of the identities(
γ+(gz − gw)
)
(p) =
im
2 |p|
(
sgn(Im z) − sgn(Imw)
)
,
which can be easily checked by a direct calculation (see also [5, p. 7]), and
γ+(G
+
z −G
+
w) = (z −w) (G
+
w¯)
∗G+z ,
which is consequence of the first resolvent identity (see [20, Lem. 2.1], paying attention to the
different sign convention in the definition of the resolvent), we have that the linear map
dom(M+z ) := L
2
odd(R, |p|
−1dp) ∩ L2odd(R, |p|dp) ,
M+z : dom(M
+
z ) ⊂ L2odd(R, |p|−1dp)→ L2odd(R, |p|dp) ,
(M+z φ)(p) := 2m
∞
z (p)φ(p) , m
∞
z (p) := − sgn(Im z)
im
2|p|
,(3.17)
satisfies the identities
(M+z )
∗ = M+z¯ , M
+
z −M
+
w = (w− z)(G
+
w¯)
∗G+z .
Hence, setting
M⊕z : ⊕nℓ=1dom(M+z ) ⊂ ⊕nℓ=1L2odd(R, |p|−1dp)→ ⊕nℓ=1L2odd(R, |p|dp) , M⊕z := ⊕nℓ=1M+z ,
one gets the identities
(M⊕z )
∗ = M⊕z¯ , M
⊕
z −M
⊕
w = (w − z)(G
⊕
w¯)
∗G⊕z .
To proceed, let us consider any orthogonal projector Π : Cn → Cn and any self-adjoint operator
B : Cn → Cn, represented by the matrices with components (Π)ℓ,ℓ ′ and (B)ℓ,ℓ ′ respectively. By a
slight abuse of notation we use the same symbols to denote the corresponding operators on vector
valued functions; e.g., for f = ⊕nℓ=1fℓ ∈ ⊕nℓ=1L2(R+× R), one has Π f ∈ ⊕nℓ=1L2(R+× R) with
components (ℓ = 1, . . . , n)
(Π f)ℓ =
n∑
ℓ ′=1
(Π)ℓℓ ′fℓ ′ ,
or, for ⊕nℓ=1φℓ ∈ ⊕nℓ=1L2odd(R, ρdp), one has Π(⊕nℓ=1φℓ) := ⊕nℓ=1
(∑n
j=1(Π)ℓℓ ′φℓ ′
)
, and similarly for
B. Then, by [20, Thm. 2.1] here employed with τ := Πγ⊕+ , we obtain the following
Theorem 3.3. Let z ∈ C\R. Assume that ΠM⊕z = M⊕z Π and ΠB = BΠ. Then, the linear
bounded operator
(3.18) RΠ,Bz := R
D⊕
z +G
⊕
z Π
(
B+M⊕z
)−1
Π G˘⊕z
is the resolvent of a self-adjoint extension LΠ,B of the densely defined, closed symmetric operator
L⊕D ↾ ker(γ
⊕
+). Such an extension acts on its domain
dom(LΠ,B) :=
{
f ∈ ⊕nℓ=1L2(R+× R)
∣∣ f = fz +G⊕z Π (B+M⊕z )−1Πγ⊕+fz , fz∈dom(L⊕D)}
according to
(3.19)
(
LΠ,B − z
)
f =
(
L⊕D − z
)
fz .
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Remark 3.4. We use the notation LK (where K stands for Kirchhoff) to denote the self-adjoint
extension corresponding to the choices
(3.20) B = 0 , Π =
1
n

1 1 · · · 1
1 1 · · · 1
...
...
. . .
...
1 1 · · · 1
 .
We denote the associated resolvent operator with RKz := (LK − z)
−1.
In the sequel, we proceed to determine the unitary evolution associated to the above choices by
means of arguments analogous to those described in the proof of [5, Prop. 2.4].
Proposition 3.5. For all f ∈ ⊕nℓ=1L2(R+× R) and for all t ∈ R there holds
(3.21) (eitLKf)(q, p) =

(
eitL0(0⊕f1)
)
(q, p)
...(
eitL0(0⊕fn)
)
(q, p)
− S

(
eitL0(0⊕f1)
)
(−q,−p)
...(
eitL0(0⊕fn)
)
(−q,−p)

where S := 1−2Π was already defined in relation with the quantum scattering operator, see Eq. (2.8).
Proof. Throughout the whole proof we work component-wisely, denoting with ℓ ∈ {1, ..., n} a fixed
index. Let us first remark that the resolvent (3.18), with B, Π as in Eq. (3.20), acts on any element
f ∈ ⊕nℓ=1L2(R+× R) according to(
RKz f
)
ℓ
(q, p) = (RDz fℓ)(q, p) +
(
2gz(q, p)
) n∑
j ′=1
π^ℓj ′
2m∞z (p)
n∑
j=1
π^j ′j (γ+R
D
z fj)(p)
= (RDz fℓ)(q, p) +
gz(q, p)
m∞z (p)
1
n
n∑
j=1
(γ+R
D
z fj)(p) .
From the above relation we derive the following, recalling the explicit expressions for gz(q, p) and
m∞z (p) given in Eqs. (3.16) and (3.17), as well as Eq. (3.15) for γ+R
D
z f = G˘
+
z f:(
RKz f
)
ℓ
(q, p) = (RDz fℓ)(q, p) + θ(pImz) sgn(Imz)
2im
n |p|
n∑
j=1
∫
∞
0
dq ′ eimz(q+q
′)/p fj(q
′,−p) .
We now proceed to compute the unitary operator e−itLK (t ∈ R) by inverse Laplace transform,
using the above representation for the resolvent RKz . Let us first assume t > 0; then, for any c > 0
and f ∈dom(LK), we get (see [10, Ch. III, Cor. 5.15])(
e−itLKf
)
ℓ
=
1
2πi
lim
r→∞
∫ r+ic
−r+ic
dz e−izt
(
RKz f
)
ℓ
=
ect
2πi
lim
r→∞
∫ r
−r
dk e−itk
(
RKk+ic f
)
ℓ
.
On the one hand, recalling Eq. (3.13) we have
ect
2πi
lim
r→∞
∫ r
−r
dk e−itk (RDk+icfℓ)(q, p) = (e
−itLDfℓ)(q, p)
=
(
e−itL0(0⊕ fℓ)
)
(q, p) −
(
e−itL0(0⊕ fℓ)
)
(−q,−p) .
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On the other hand, noting that θ
(
p Im(k+ic)
)
= θ(pc) = θ(p) and sgn
(
Im(k+ic)
)
= sgn(c) = +1
for c > 0, by computations similar to those reported in the proof of [5, Prop. 2.4] we get5
ect
2πi
lim
r→∞
∫ r
−r
dk e−itk θ
(
p Im(k+ic)
)
sgn
(
Im(k+ic)
) 2im
n|p|
n∑
j=1
∫
∞
0
dq ′ eim(k+ic)(q+q
′)/p fj(q
′,−p)
= θ(p)
2m
n|p|
ec(t−mq/p)
2π
n∑
j=1
lim
r→∞
∫ r
−r
dk ei(mq/p−t)k
∫
R
dq ′ eim(k+ic)q
′/p θ(q ′) fj(q ′,−p)
= θ(p)
2m
n|p|
ec(t−mq/p)
n∑
j=1
F−1
(
F
(
θ( · ) fj( · ,−p)
)(
−m(∗+ ic)/p))(mq/p− t)
= θ(p)
2
n
n∑
j=1
θ
(
−q+
p t
m
)
fj
(
−q+
p t
m
,−p
)
=
2
n
n∑
j=1
(
e−itL0(0⊕ fj)
)
(−q,−p) .
Summing up, the above relations imply
(3.22)
(
e−itLKf
)
ℓ
=
(
e−itL0(0⊕fℓ)
)
(q, p)−
(
e−itL0(0⊕fℓ)
)
(−q,−p)+
2
n
n∑
j=1
(
e−itL0(0⊕fj)
)
(−q,−p) .
For t < 0 one can perform similar computations, starting from the following identity where c > 0:(
e−itLKf
)
ℓ
= −
1
2πi
lim
r→∞
∫ r−ic
−r−ic
dz e−izt
(
RKz f
)
ℓ
= −
e−ct
2πi
lim
r→∞
∫ r
−r
dk e−itk
(
RKk−ic f
)
ℓ
.
We omit the related details for brevity. In the end, one obtains exactly the same expression as in
Eq. (3.22), which with the trivial replacement t→ −t proves Eq. (3.21). 
Remark 3.6. By Eq. (3.12) we infer that the action of the unitary group eitLK is explicitly given,
component-wisely, by Eq. (1.9).
Remark 3.7. Recalling the explicit form of Π (see Eq. (3.20)) we obtain
(3.23) S =
1
n

n − 2 −2 · · · −2
−2 n − 2 · · · −2
...
...
. . .
...
−2 −2 · · · n − 2
 , 1− Π = 1n

n− 1 −1 · · · −1
−1 n− 1 · · · −1
...
...
. . .
...
−1 −1 · · · n − 1
 .
In particular, for a star-graph with three edges (n = 3) we have
S =
1
3
 1 −2 −2−2 1 −2
−2 −2 1
 ,
whence S = −M with respect to the notation used in [1].
5Especially, recall the following basic identity regarding the unitary Fourier transform F and its inverse F−1:
F
−1
(
Fh
(
a(∗+ ic)
))
(q) =
ecq
|a|
h(q/a) for a ∈ R\{0}, c > 0, q ∈ R ,
which holds true whenever e
c·
|a|
h(·/a) ∈ L2(R). In addition, keep in mind the relation written in Eq. (3.12).
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3.4. The semiclassical wave operators and scattering operator. Let us consider the wave
operators and the corresponding scattering operator on ⊕nℓ=1L2(R+× R), respectively defined by
Eqs. (1.10) and (1.11). The following proposition provides explicit expressions for these operators.
Proposition 3.8. The limits in Eq. (1.10) exist point-wisely for any ξ ≡ (q, p)∈R+× (R\{0}) and
in L2(R+× R) for any f ∈ ⊕nℓ=1L2(R+× R); moreover, there holds
(3.24)
(
Ω±cl f
)
(q, p) =
[
1− θ(∓p) 2Π] f(q, p) = [θ(±p)1 + θ(∓p)S] f(q, p) .
Furthermore, the scattering operator is given by
(3.25) Scl = 1− 2Π = S .
Proof. First of all let us point out that, for all t ∈ R and any ℓ ∈ {1, ..., n}, Eqs. (3.13) and (3.21)
give, respectively,(
eitLDf
)
(q, p) =
(
eitL0(0⊕ f))(q, p) − (eitL0(0⊕ f))(−q,−p)
= (0⊕ f)
(
q+
pt
m
,p
)
− (0⊕ f)
(
−q−
pt
m
,−p
)
= θ
(
q+
pt
m
)
f
(
q+
pt
m
,p
)
− θ
(
−q−
pt
m
)
f
(
−q−
pt
m
,−p
)
;
(e−itLKf)ℓ(q, p) =
(
e−itL0(0⊕ fℓ)
)
(q, p) +
n∑
j=1
(
2Π−1
)
ℓj
(
e−itL0(0⊕ fj)
)
(−q,−p)
= (0⊕ fℓ)
(
q−
pt
m
,p
)
+
n∑
j=1
(
2Π−1
)
ℓj
(0⊕ fj)
(
−q+
pt
m
,−p
)
= θ
(
q−
pt
m
)
fℓ
(
q−
pt
m
,p
)
+
n∑
j=1
(
2Π−1
)
ℓj
θ
(
−q+
pt
m
)
fj
(
−q+
pt
m
,−p
)
.
In view of the above relations, recalling that q > 0, by direct computations we obtain(
eitL
⊕
De−itLK f
)
ℓ
(q, p) =
(
eitLD(e−itLK f)ℓ
)
(q, p)
= θ
(
q+
pt
m
)
(e−itLK f)ℓ
(
q+
pt
m
,p
)
− θ
(
−q−
pt
m
)
(e−itLK f)ℓ
(
−q−
pt
m
,−p
)
= θ
(
q+
pt
m
)
fℓ(q, p) − θ
(
−q−
pt
m
) n∑
j=1
(
2Π−1
)
ℓj
fj(q, p)
= fℓ(q, p) − θ
(
−q−
pt
m
) n∑
j=1
2πℓj fj(q, p) ,
which gives (
eitL
⊕
De−itLK f
)
(q, p) = f(q, p) − θ
(
−q−
pt
m
)(
2Π f
)
(q, p) .
Then Eq. (3.24) follows noting that θ
(
−q− ptm
)→ θ(∓p) for t→ ±∞.
Next, since Π is symmetric, by elementary arguments we get(
(Ω±cl)
∗ f
)
(q, p) =
[
1− θ(∓p) 2Π] f(q, p) .
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On account of the above identity we obtain(
Scl f
)
(q, p) =
(
(Ω+cl)
∗Ω−cl f
)
(q, p) =
[
1− θ(−p) 2Π
] (
Ω−cl f
)
(q, p)
=
[
1− θ(−p) 2Π
] [
1− θ(p) 2Π
]
f(q, p) =
[
1− 2Π
]
f(q, p) ,
which proves Eq. (3.25). 
4. Comparison of the semiclassical and quantum theories
Recall the definition of coherent states in L2(R) given in Eq. (1.1), and Eq. (1.2) describing
their free evolution.
For later reference let us point out the following auxiliary result, regarding the functions ψ˜h¯σ,ξ
defined in Eq. (1.13), and the operators U±t defined in Eq. (2.3).
Lemma 4.1. For all ξ = (q, p) ∈ R+× R and for any t ∈ R there holds∥∥U±t ψ˜h¯σ0,ξ − e ih¯At ψ˜h¯σt,∓ξt∥∥L2(R+) ≤ 1√2 e−
q2
4h¯σ2
0 .
Proof. Let us first remark that, on account of the considerations reported in Remark 2.1, ψ˜h¯σ0,ξ =
Θ∗ψh¯σ0,ξ and for any x > 0 we have the chain of identities(U±t ψ˜h¯σ0,ξ)(x) = (U0t θψh¯σ0,ξ)(∓x) = (U0t ψh¯σ0,ξ)(∓x) + Eh¯t (∓x) = e ih¯At ψh¯σt,ξt(∓x) + Eh¯t (∓x)
= e
i
h¯
At ψh¯σt,∓ξt(x) + E
h¯
t (∓x) = e
i
h¯
At ψ˜h¯σt,∓ξt(x) + E
h¯
t (∓x) ,
where we put Eh¯t (x) := −
(
U0t (1 − θ)ψ
h¯
σ0,ξ
)
(x) for convenience of notation and used the trivial
identity ψh¯σ,ξ(−x) = ψ
h¯
σ,−ξ(x).
On the other hand, via an explicit calculation involving the trivial inequality e−η(a+b)
2 ≤ e−η(a2+b2)
for η, a, b ≥ 0 we obtain∥∥Eh¯t (∓ · )∥∥2L2(R+) ≤ ∥∥Eh¯t ∥∥2L2(R) = ∥∥U0t (1− θ)ψh¯σ0,ξ∥∥2L2(R) = ∥∥(1− θ)ψh¯σ0,ξ∥∥2L2(R)
=
∫0
−∞
dx |ψh¯σ0,ξ(x)|
2 =
1√
2πh¯ σ0
∫
∞
0
dx e
−
(x+q)2
2h¯σ2
0 ≤ 1
2
e
−
q2
2h¯σ2
0 ,(4.1)
which proves the thesis in view of the previous arguments. 
To proceed let us point out the forthcoming lemma which characterizes a large class of functions
satisfying the condition in Definition 1.1.
Lemma 4.2. Let η > 0, ξ = (q, p) ∈ R+× R and consider a family of functions χq,η ∈ L∞(R+),
uniformly bounded in L∞(R+) with respect to η, q and such that
(4.2) χq,η(x) = 1 for |x − q| < ηq .
Then, the functions Ξh¯σ,ξ ∈ L2(R+) defined by
(4.3) Ξh¯σ,ξ(x) :=
1
‖χq,η ψ˜h¯σ,ξ‖L2(R+)
χq,η(x) ψ˜
h¯
σ,ξ(x) (x > 0)
fulfill the condition (1.14) with ε < min{1/4, η2/8} and C0 depending only on ‖χq,η‖L∞(R+).
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Proof. Let us first remark that the states Ξh¯σ,ξ defined in Eq. (4.3) have unit norm in L
2(R+)
by construction; moreover, again from Eq. (4.3) it follows that χq,η ψ˜
h¯
σ,ξ = ‖χq,η ψ˜h¯σ,ξ‖L2(R+) Ξh¯σ,ξ.
Taking these facts into account, we have∥∥Ξh¯σ,ξ − ψ˜h¯σ,ξ∥∥L2(R+) ≤ ∥∥Ξh¯σ,ξ − χq,η ψ˜h¯σ,ξ∥∥L2(R+) + ∥∥(χq,η − 1) ψ˜h¯σ,ξ∥∥L2(R+)
=
∣∣1− ‖χq,η ψ˜h¯σ,ξ‖L2(R+)∣∣ ∥∥Ξh¯σ,ξ∥∥L2(R+) + ∥∥(χq,η − 1) ψ˜h¯σ,ξ∥∥L2(R+)
=
∣∣1− ‖χq,η ψ˜h¯σ,ξ‖L2(R+)∣∣+ ∥∥(χq,η − 1) ψ˜h¯σ,ξ∥∥L2(R+) .
On one hand, recalling the definition (1.13) of ψ˜h¯σ,ξ and that ‖ψh¯σ,ξ‖L2(R) = 1, using the basic
inequality (a − b)2 ≤ |a2 − b2| for a, b > 0 we get∣∣1− ‖χq,η ψ˜h¯σ,ξ‖L2(R+)∣∣2 ≤ ∣∣‖ψh¯σ,ξ‖2L2(R) − ‖χq,η ψ˜h¯σ,ξ‖2L2(R+)∣∣
=
∣∣∣∣∫
R
dx |ψh¯σ,ξ(x)|
2 −
∫
∞
0
dx
∣∣χq,η(x)ψh¯σ,ξ(x)∣∣2∣∣∣∣ ≤ ∫
R
dx
∣∣∣1− θ(x) ∣∣χq,η(x)∣∣2∣∣∣ ∣∣ψh¯σ,ξ(x)∣∣2
≤
∫
R
dx
(
1− θ(x)
) ∣∣ψh¯σ,ξ(x)∣∣2 + ∫
R
dx θ(x)
∣∣∣1− ∣∣χq,η(x)∣∣2∣∣∣ ∣∣ψh¯σ,ξ(x)∣∣2 .
Recalling the hypothesis (4.2), the explicit expression (1.1) for ψh¯σ,ξ, and that we are assuming
q > 0, from the above results we derive∣∣1− ‖χq,η ψ˜h¯σ,ξ‖L2(R+)∣∣2 ≤ ∫ 0
−∞
dx
∣∣ψh¯σ,ξ(x)∣∣2 + ∫
R+ ∩ {|x−q|>ηq}
dx
∣∣∣1− ∣∣χq,η(x)∣∣2∣∣∣ ∣∣ψh¯σ,ξ(x)∣∣2
≤ 1√
2πh¯ |σ|
[∫
∞
0
dx e
−
(x+q)2
2h¯|σ|2 +
(
1+ ‖χq,η‖2L∞(R+)
) ∫
{|x−q|>ηq}
dx e
−
(x−q)2
2h¯|σ|2
]
≤ 1√
2πh¯ |σ|
[
e
−
q2
2h¯|σ|2
∫
∞
0
dx e
− x
2
2h¯|σ|2 +
(
1+ ‖χq,η‖L∞(R+)
)2
e
−
η2q2
4h¯|σ|2
∫
R
dx e
−
(x−q)2
4h¯|σ|2
]
≤ 1
2
e
−
q2
2h¯|σ|2 +
√
2
(
1+ ‖χq,η‖L∞(R+)
)2
e
−
η2q2
4h¯|σ|2 .
On the other hand, by arguments similar to those employed above we get∥∥(χq,η − 1) ψ˜h¯σ,ξ∥∥2L2(R+) =
∫
∞
0
dx
∣∣χq,η(x) − 1∣∣2 ∣∣ψh¯σ,ξ(x)∣∣2
≤ (1+ ‖χq,η‖L∞(R+))2 1√
2πh¯ |σ|
∫
{|x−q|>ηq}
dx e
−
(x−q)2
2h¯|σ|2 ≤
√
2
(
1+ ‖χq,η‖L∞(R+)
)2
e
−
η2q2
4h¯|σ|2 .
Summing up, the previous results and the basic relation
√
a + b ≤ √a +
√
b for a, b > 0 imply∥∥Ξh¯σ,ξ − ψ˜h¯σ,ξ∥∥L2(R+) ≤ 1√2 e− q
2
4h¯|σ|2 + 25/4
(
1+ ‖χq,η‖L∞(R+)
)
e
−
η2q2
8h¯|σ|2
≤
(
1√
2
+ 25/4
(
1+ ‖χq,η‖L∞(R+)
))
e
− ε q
2
h¯|σ|2 ,
which suffices to infer the thesis on account of the uniform boundedness of χq,η. 
Example 4.3. For η ∈ (0, 1], consider the sharp cut-off functions
χq,η(x) =
{
0 if x ≤ (1− η)q ,
1 if x > (1− η)q ,
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which clearly satisfy the hypothesis of Lemma 4.2. The corresponding elements Ξh¯σ,ξ ∈ L2(R+)
defined according to Eq. (4.3) consist of normalized truncations of the coherent state ψh¯σ,ξ and
fulfill the condition (1.14) as a consequence.
It is worth noting that for η = 1 we have χq,η ≡ 1 on R+, so that the associated function Ξh¯σ,ξ is
just the re-normalization of the bare truncation ψ˜h¯σ,ξ introduced in Eq. (1.13), i.e.,
Ξh¯σ,ξ = ψ˜
h¯
σ,ξ
/ ‖ψ˜h¯σ,ξ‖L2(R+) .
Example 4.4. For η ∈ (0, 1/2), consider the smooth functions on R+ such that
χq,η(x) =
{
0 for |x − q| > (1− η)q ,
1 for |x − q| < ηq ,
∣∣χq,η(x)∣∣ ≤ 1 .
Again, the assumptions of Lemma 4.2 are certainly verified and the related functions Ξh¯σ,ξ have
compact support in R+, besides satisfying the bound (1.14).
In addition to states fulfilling the requirements of Definitions 1.1 and 1.2, our arguments will
often involve the non-normalized element
(4.4) Ψh¯σ0,ξ ∈ L2(G) , Ψh¯σ0,ξ ≡

ψ˜h¯σ0,ξ
0
...
0
 ,
along with its classical counterpart
(4.5) Φh¯σ0,x ∈ L2(G) , Φh¯σ0,x ≡

φ˜h¯σ0,x
0
...
0
 ,
with ψ˜h¯σ0,ξ defined as in Eq. (1.13) and
φ˜h¯σ0,x(ξ) := ψ˜
h¯
σ0,ξ
(x) .
4.1. Comparing the dynamics. Proof of Theorem 1.3.
Proof of Theorem 1.3. Let Ψh¯σ0,ξ and Φ
h¯
σ0,(·)(ξ) be, respectively, as in Eqs. (4.4) and (4.5), and
note that from the triangular inequality it follows∥∥e−i th¯HKΞh¯σ0,ξ − e ih¯At(eitLKΣh¯σt,(·))(ξ)∥∥L2(G)
≤ ∥∥e−i th¯HKΞh¯σ0,ξ − e−i th¯HKΨh¯σ0,ξ∥∥L2(G) + ∥∥e−i th¯HKΨh¯σ0,ξ − e ih¯At(eitLKΦh¯σt,(·))(ξ)∥∥L2(G)
+
∥∥e ih¯At(eitLKΦh¯σt,(·))(ξ) − e ih¯At(eitLKΣh¯σt,(·))(ξ)∥∥L2(G) .(4.6)
Regarding the first term on the right-hand side of Eq. (4.6), by the unitarity of e−i
t
h¯
HK and the
condition (1.14) we infer
∥∥e−i th¯HKΞh¯σ0,ξ − e−i th¯HKΨh¯σ0,ξ∥∥L2(G) = ∥∥Ξh¯σ0,ξ −Ψh¯σ0,ξ∥∥L2(G) = ∥∥Ξh¯σ0,ξ − ψ˜h¯σ0,ξ∥∥L2(R+) ≤ C0e− ε q
2
h¯σ2
0 .
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As for the second term in Eq. (4.6), note that Eqs. (2.9) and (3.21) give
e−i
t
h¯
HKΨh¯σ0,ξ − e
i
h¯
At
(
eitLKΦh¯σt,(·)
)
(ξ)
=

U−t ψ˜h¯σ0,ξ − e
i
h¯
At
(
eitL0(0⊕φ˜h¯
σt,(·))
)
(ξ)
0
...
0
− S

U+t ψ˜h¯σ0,ξ − e
i
h¯
At
(
eitL0(0⊕φ˜h¯
σt,(·))
)
(−ξ)
0
...
0
 .
Since
(
eitL0(0⊕ φ˜h¯σt,x)
)
(±ξ) = φ˜h¯σt,x(±ξt) = ψ˜h¯σt,±ξt(x) for x ∈ R+, from the above identity and
from Lemma 4.1 we deduce6∥∥e−i th¯HKΨh¯σ0,ξ − e ih¯At(eitLKΦh¯σt,(·))(ξ)∥∥2L2(G)
≤ 2∥∥U−t ψ˜h¯σ0,ξ − e ih¯Atψ˜h¯σt,ξt∥∥2L2(R+) + 2 n∑
ℓ=1
|Sℓ1|
2
∥∥U+t ψ˜h¯σ0,ξ − e ih¯Atψ˜h¯σt,−ξt∥∥2L2(R+) ≤ 2 e− q
2
2h¯σ2
0 .
Let us finally consider the third term in Eq. (4.6). Recalling again the identity (3.21), we obtain(
eitLKΦh¯σt,(·)
)
(ξ) −
(
eitLKΣh¯σt,(·)
)
(ξ)
=

(
eitL0(0⊕φ˜h¯
σt,(·))
)
(ξ) −
(
eitL0(0⊕Σ˜h¯
σt,(·))
)
(ξ)
0
...
0
− S

(
eitL0(0⊕φ˜h¯
σt,(·))
)
(−ξ) −
(
eitL0(0⊕Σ˜h¯
σt,(·))
)
(−ξ)
0
...
0
 .
From the above identity, by arguments similar to those employed previously we get∥∥(eitLKΦh¯σt,(·))(ξ) − (eitLKΣh¯σt,(·))(ξ)∥∥2L2(G)
≤ 2
∥∥ψ˜h¯σt,ξt − Ξh¯σt,ξt∥∥2L2(R+) + 2 n∑
ℓ=1
|Sℓ1|
2
∥∥ψ˜h¯σt,−ξt − Ξh¯σt,−ξt∥∥2L2(R+) ≤ 4C20 e− 2ε q2th¯|σt|2 .
Summing up, the above bounds imply the thesis. 
4.2. Comparing the wave and scattering operators. Proof of Theorem 1.5.
Proof of Theorem 1.5. Note the identity S (1, 0, . . . , 0)T = (1−2/n,−2/n, . . . ,−2/n)T and recall
the expression of Ω± given in Eq. (2.13). Then, by simple computations we get (ℓ = 1, . . . , n)
(Ω± Ξh¯σ0,ξ)ℓ =


(
1−
1
n
(1∓F∗cFs)
)
Ξh¯σ0,ξ if ℓ = 1 ,
−
1
n
(1∓F∗cFs)Ξh¯σ0,ξ if ℓ 6= 1 .
6Note also that, on account of Eq. (3.23), we have
1 +
n∑
ℓ=1
|Sℓ1|
2
= 1+ |S11|
2
+
n∑
ℓ=2
|Sℓ1|
2
= 1+
(
n − 2
n
)2
+ (n− 1)
(
2
n
)2
= 2 .
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Additionally, recalling the expression of Ω±cl given in Eq. (3.24), we get
(Ω±clΣ
h¯
σ0,x
)ℓ(ξ) =


(
1− θ(∓p) 2
n
)
Σh¯σ0,x(ξ) if ℓ = 1 ,
− θ(∓p) 2
n
Σh¯σ0,x(ξ) if ℓ 6= 1 .
In view of these results together with the identity (1.15) we derive∥∥Ω± Ξh¯σ0,ξ − (Ω±clΣh¯σ0,(·))(ξ)∥∥L2(G) = 1√n ∥∥(1∓F∗cFs − 2θ(∓p)) Ξh¯σ0,ξ∥∥L2(R+)
=
1√
n
∥∥((1− 2θ(∓p))Fc ∓Fs)Ξh¯σ0,ξ∥∥L2(R+) .
By the bound ‖(1− 2θ(∓p))Fc ∓Fs‖ ≤ |1− 2θ(∓p)|‖Fc‖+ ‖Fs‖ ≤ 2 and by Eq. (1.14), we infer
∥∥((1− 2θ(∓p))Fc ∓Fs)Ξh¯σ0,ξ∥∥L2(R+) ≤ 2C0 e− ε q
2
h¯σ2
0 +
∥∥((1− 2θ(∓p))Fc ∓Fs)ψ˜h¯σ0,ξ∥∥L2(R+).
In what follows we prove the following upper bound which concludes the proof of the theorem
(4.7)
∥∥((1− 2θ(∓p))Fc ∓Fs)ψ˜h¯σ0,ξ∥∥L2(R+) ≤ √2(e−σ20p2h¯ + e− q
2
4h¯σ2
0
)
.
We start with the identity∥∥((1−2θ(∓p))Fc∓Fs)ψ˜h¯σ0,ξ∥∥2L2(R+) = 2π
∫
∞
0
dk
∣∣∣∣∫∞
0
dx
((
1− 2θ(∓p)) cos(kx)± i sin(kx))ψh¯σ0,ξ(x)∣∣∣∣2 .
Considering separately the cases p > 0 and p < 0 for the two possible choices of the signs, it is
easy to convince oneself that
∥∥((1− 2θ(∓p))Fc ∓Fs)ψ˜h¯σ0,ξ∥∥2L2(R+) = 2π


∫
∞
0
dk
∣∣∣∣∫∞
0
dx eikxψh¯σ0,ξ(x)
∣∣∣∣2 if p > 0 ,∫
∞
0
dk
∣∣∣∣∫∞
0
dx e−ikxψh¯σ0,ξ(x)
∣∣∣∣2 if p < 0 .
Recall that the Fourier transform of ψh¯σ0,ξ is given by(Fψh¯σ0,ξ)(k) := 1√2π
∫
R
dx e−ikxψh¯σ0,ξ(x) =
√
σ0
(
2h¯
π
)1/4
e−h¯σ
2
0(k−p/h¯)
2−ikq .
Let us assume p > 0, we have the chain of inequalities/identities(
2
π
∫
∞
0
dk
∣∣∣∣∫∞
0
dx eikxψh¯σ0,ξ(x)
∣∣∣∣2
)1/2
= 2
∥∥(Fθψh¯σ0,ξ)(− ·)∥∥L2(R+)
≤ 2∥∥(Fψh¯σ0,ξ)(− ·)∥∥L2(R+) + 2∥∥(F(1− θ)ψh¯σ0,ξ)(− ·)∥∥L2(R+) .
Reasoning like for the bound in Eq. (4.1), we obtain
∥∥(Fψh¯σ0,ξ)(− ·)∥∥L2(R+) =
(∫
∞
0
dk
∣∣∣(Fψh¯σ0,ξ)(−k)∣∣∣2)1/2 ≤ 1√2 e−σ
2
0p
2
h¯
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and∥∥(F(1− θ)ψh¯σ0,ξ)(− ·)∥∥L2(R+) ≤ ∥∥F(1− θ)ψh¯σ0,ξ∥∥L2(R)
=
∥∥(1− θ)ψh¯σ0,ξ∥∥L2(R) = (∫ 0
−∞
dx
∣∣∣ψh¯σ0,ξ(x)∣∣∣2)1/2 ≤ 1√2 e−
q2
4h¯σ2
0 ,
which conclude the proof of the bound (4.7) for p > 0. The proof of the bound for p < 0 is identical
and we omit it.
Identity (1.18) follows immediately from Eqs. (1.7) and (1.12). 
5. Final remarks
5.1. A comparison with the standard approach to the definition of a classical dynamics
on the graph. There is no trajectory of a classical particle which is the semiclassical limit of
e−i
t
h¯
HKΞh¯σ0,ξ. As a consequence, the semiclassical dynamics is not described by the Hamilton
equations. One way to overcome this difficulty is to assign a probability to every possible path
on the graph. Typically the probability of a certain path is postulated, and given in terms of the
square modulus of the quantum transition (or stability) amplitudes (see, e.g., [3, Sec. II.A] or [4,
Sec. 6.1]). For a star-graph the latter coincide with the elements of the (vertex) scattering matrix,
defined for generic boundary conditions, e.g., in [16, Thm. 2.1] or [4, Lem. 2.1.3]. For Kirchhoff
boundary conditions the elements of the scattering matrix are given by 2n − δℓ,ℓ ′ , ℓ, ℓ
′ = 1, . . . , n,
see [3, Eq. (1)] (for the star-graph Cbb ′ = 1), and [4, Ex. 2.1.7, p. 41]. This is the approach used
(for compact graphs) by Kottos and Smilansky in [17] and in several other works, see, e.g., [3],
the review [14], and the monograph [4]. We have already noted that, up to a sign, the coefficients
2
n
− δℓ,ℓ ′ coincide with the elements of the matrix S identifying both the classical and quantum
scattering operators.
In our paper we followed a different train of thought. We wanted to recover the limiting classical
dynamics on the star-graph starting from the trivial dynamics of classical particle on the half-line
with elastic collision in the origin. To do so we made use of a Kre˘ın’s formula to find and classify
singular perturbations of self-adjoint operators, see [20] and [21]. We remark that, in a similar way,
one can reconstruct the Hamiltonian HK starting from the free Hamiltonian of a quantum particle
on the half-line with Dirichlet conditions in the origin.
We defined the generator of the trivial dynamics on the half-line through Eq. (1.8). Note that
if f ∈ dom(LD), then ft = e−itLDf satisfies the Liouville equation
i
∂
∂t
ft = LDf ,
but the action of the group can be extended in a natural way to any bounded function.
Since the evolution is unitary in L2(R+ × R), if ‖f‖L2(R+×R) = 1, we can interpret
ρt(q, p) :=
∣∣(e−itLDf)(q, p)∣∣2
as a density in the phase space R+ × R. Setting ρ(q, p) := |f(q, p)|2, for all t ∈ R one has that
(5.1) ρt(q, p) =


ρ
(
q−
pt
m
,p
)
if q−
pt
m
> 0 ,
ρ
(
− q+
pt
m
,−p
)
if q−
pt
m
< 0 .
and it satisfies the equation
i
∂
∂t
ρt = − i X0 · ∇ρt ,
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for all f ∈ C∞c (R+ × R) and q− ptm 6= 0.
We remark that, assuming elastic collision at the origin, a classical particle moving on the half-
line follows a simple, though possibly discontinuous, trajectory in the phase space: at any time
t ∈ R any initial state (q, p) ∈ R+ × R is mapped into
(5.2) ϕt(q, p) :=


(
q+
pt
m
,p
)
if q+
pt
m
> 0 ,(
− q−
pt
m
,−p
)
if q+
pt
m
< 0 .
Hence, given a density ρ : R+ × R → R+ in the phase space, one has the identity ρt(q, p) =
ρ(ϕ−t(q, p)) (see Eqs. (5.1) and (5.2)). In this sense, the group e
−itLD given in Eq. (1.8) describes
a classical particle on the half-line. The function ft := e
−itLDf should be interpreted as a classical
wave function, with associated probability density function in the phase space given by ρt(q, p) :=∣∣ft(q, p)∣∣2.
On a graph this interpretation fails when the generator of the dynamics is e−itLK . In particular,
from Eq. (1.9), for all t ∈ R it would follow
ρℓ,t(q, p) =
∣∣(e−itLKf)
ℓ
(q, p)
∣∣2 =


∣∣∣∣fℓ(q− ptm ,p)
∣∣∣∣2 if q − ptm > 0 ,∣∣∣∣∑
ℓ ′
(S)ℓ,ℓ ′fℓ ′
(
− q+
pt
m
,−p
)∣∣∣∣2 if q − ptm < 0 ,
but this “density” cannot be understood in terms of a trajectory of the classical particle as ρt(q, p) =
ρ(ϕ−t(q, p)). Also, in general, it does not coincide with the time evolution of the initial density
|f |2 as prescribed by Barra and Gaspard, see [3, Eq. (10)]. The latter, adapted to our setting and
notation, and taking into account the fact that we are considering a non-compact graph, would
give (for all t ∈ R)
ρBGℓ,t (q, p) =


∣∣∣fℓ(q − pt
m
,p
)∣∣∣2 if q− pt
m
> 0 ,∑
ℓ ′
|(S)ℓ,ℓ ′ |
2
∣∣∣fℓ ′(− q + pt
m
,−p
)∣∣∣2 if q− pt
m
< 0 .
Nevertheless, our definition of the classical dynamics in terms of a classical wave function turns out
to be useful to study the semiclassical limit of the quantum evolution of approximated coherent
states. In many ways our approach is similar to the one of Hagedorn [12].
In general, a coherent state (on the real-line) is the wave function ψh¯ : R→ C defined as
ψh¯(x) = ψh¯(σ, σ˘, q, p; x) :=
1
(2πh¯)1/4
√
σ
exp
(
−
σ˘
4h¯σ
(x− q)2 +
i
h¯
p(x− q)
)
,
with p, q ∈ R and σ, σ˘ ∈ C\{0} such that Re(σ˘σ−1) = |σ|−2 > 0.
In his seminal paper [12], Hagedorn provides the semiclassical evolution of a coherent state in
the presence of a regular (C2(R)) potential. One main observation in [12] is that the quantum
evolution of an initial datum of the same form as above, is approximated (in L2(R)-norm for h¯
small enough) by the wave-function e
i
h¯
Atψh¯(σt, σ˘t, qt, pt; x) where: the pair (qt, pt) is determined
by the Hamilton equations
p˙t = −V
′(qt) , q˙t =
1
m
pt ,
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here V is the interaction potential and the initial datum is (q0, p0) = (q, p); σt and σ˘t are given by
σt =
∂qt
∂q
σ+
i
2
∂qt
∂p
σ˘ , σ˘t = −2i
∂pt
∂q
σ+
∂pt
∂p
σ˘ ;
and At is given by
At =
∫ t
0
ds
( p2s
2m
− V(qs)
)
.
In our notation, one can think to a classical function given by φh¯(σ, σ˘, x;q, p) = ψh¯(σ, σ˘, q, p; x).
With this identification ψh¯(σt, σ˘t, qt, pt; x) = φ
h¯(σt, σ˘t, x;qt, pt) = e
iLV tφh¯(σt, σ˘t, x)(q, p), with LV
the Liouville operator associated to the vector field of the classical Hamiltonian p
2
2m
+ V(q). This
is analogous to eitLKΣh¯σt,x(ξ).
5.2. Coherent states on a star-graph with an even number of edges. Obviously, by super-
position, one could consider initial states of the form
Ξh¯(σ1,ξ1),...,(σn,ξn) ≡
Ξ
h¯
σ1,ξ1
...
Ξh¯σn,ξn
 ,
with σℓ > 0 and ξℓ = (qℓ, pℓ) ∈ R+ × R, and results similar to the ones stated in Theorems 1.3
and 1.5 hold true (with additive error terms). For n even it is possible to construct states that
propagate exactly like coherent states on the real line. Suppose n even and consider a state ψ˚h¯σ,ξ
defined component-wisely by
(ψ˚h¯σ,ξ)ℓ :=
{
ψh¯σ,ξ if ℓ = 1, . . . , n/2 ,
ψh¯σ,−ξ if ℓ = n/2+ 1, . . . , n .
It is easy to check that such states belong to the domain of HK. Next, consider the state e
i
h¯
Atψ˚h¯σt,ξt .
Taking the time derivative component by component one has
ih¯
∂
∂t
e
i
h¯
At(ψ˚h¯σt,ξt)ℓ = −
h¯2
2m
e
i
h¯
At(ψ˚h¯σt,ξt)
′′
ℓ ,
by the definition of coherent states, see Eq. (1.1). Since e
i
h¯
Atψ˚h¯σt,ξt ∈ dom(HK) the latter is
equivalent to
ih¯
∂
∂t
e
i
h¯
Atψ˚h¯σt,ξt = HK e
i
h¯
Atψ˚h¯σt,ξt .
Moreover e
i
h¯
Atψ˚h¯σt,ξt
∣∣
t=0
= ψ˚h¯σ0,ξ. Hence, e
−i t
h¯
HKψ˚h¯σ0,ξ = e
i
h¯
Atψ˚h¯σt,ξt . On the other hand, de-
fine the classical state φ˚h¯σ,x, component-wisely, by (φ˚
h¯
σ,x)ℓ(ξ) := (ψ˚
h¯
σ,ξ)ℓ(x). Noting the identity∑n
ℓ ′=1
(
2
n − δℓ,ℓ ′
)
(φ˚h¯σ,x)ℓ ′(−ξ) = (φ˚
h¯
σ,x)ℓ(ξ), and by using Eq. (1.9), it is easy to infer the identity(
eitLKφ˚h¯
σt,(·)
)
(ξ) = φ˚h¯
σt,(·)
(ξt) = ψ˚
h¯
σt,ξt
, so that
e−i
t
h¯
HK ψ˚h¯σ0,ξ = e
i
h¯
At
(
eitLKφ˚h¯σt,(·)
)
(ξ) ,
which is equivalent to (1.2). In this sense, up to a normalization factor
√
2/n, states of the form
ψ˚h¯σ,ξ are coherent states on a star-graph with an even number of edges.
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Appendix A. Wave operators for the pair (Dirichlet Laplacian, Neumann
Laplacian) on the half-line
Proposition A.1. Let Ω±ND be the wave operators for the pair (Dirichlet Laplacian, Neumann
Laplacian) in L2(R+), defined by
Ω±ND := s-limt→±∞
UN−tU
D
t .
There holds true:
Ω±ND = ±F∗cFs .
Proof. We use a density argument. Let ψ ∈ L2(R+). For any ε > 0 there exists ϕ ∈ C∞0 (R+) such
that ‖ψ−ϕ‖L2(R+) ≤ ε/4. Recalling the trivial bounds ‖U
D/N
t ‖ ≤ 1 and ‖Fs/c‖ ≤ 1, we infer
‖(UN−tUDt ∓F∗cFs)ψ‖L2(R+) ≤
ε
2
+ ‖(UN−t UDt ∓F∗cFs)ϕ‖L2(R+) .
Hence, it is enough to prove that
(A.1) lim
t→±∞
‖(UN−t UDt ∓F∗cFs)ϕ‖L2(R+) = 0 ∀ϕ ∈ C∞0 (R+) .
Note that
‖(UN−t UDt ∓F∗cFs)ϕ‖L2(R+) = ‖(UDt ∓UNt F∗cFs)ϕ‖L2(R+) = ‖(UDt F∗s ∓UNt F∗c )Fsϕ‖L2(R+) .
Moreover, for all t ∈ R the following identities hold true:
(UDt ψ)(x) =
2i√
2π
∫
∞
0
dk e−ik
2t sin(kx) (Fsψ)(k) ;
(UNt ψ)(x) =
2√
2π
∫
∞
0
dk e−ik
2t cos(kx) (Fcψ)(k) .
Hence,
(UDt F∗sψ)(x) =
2i√
2π
∫
∞
0
dk e−ik
2t sin(kx)ψ(k) ,
(UNt F∗cψ)(x) =
2√
2π
∫
∞
0
dk e−ik
2t cos(kx)ψ(k) ,
which give (
(UDt F∗s ∓UNt F∗c )Fsϕ
)
(x) =
2√
2π
∫
∞
0
dk (i sin(kx)∓ cos(kx)) e−ik2t (Fsϕ)(k)
=∓ 2√
2π
∫
∞
0
dk e∓ikx−ik
2t (Fsϕ)(k) .
We have obtained the following explicit formula for the quantity we are interested in
‖(UN−tUDt ∓F∗cFs)ϕ‖2L2(R+) =
2
π
∫
∞
0
dx
∣∣∣∣∫∞
0
dk e∓ikx−ik
2t (Fsϕ)(k)
∣∣∣∣2 .
We note that, to prove the statement for WND+ we have to study the limit t→ +∞ of
(A.2) ‖(UN−tUDt − F∗cFs)ϕ‖2L2(R+) =
2
π
∫
∞
0
dx
∣∣∣∣∫∞
0
dk e−ikx−ik
2t (Fsϕ)(k)
∣∣∣∣2 ,
while, to prove the statement for WND− we have to study the limit t→ −∞ of
‖(UN−tUDt + F∗cFs)ϕ‖2L2(R+) =
2
π
∫
∞
0
dx
∣∣∣∣∫∞
0
dk eikx+ik
2 |t| (Fsϕ)(k)
∣∣∣∣2 .
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In what follows we focus the attention on the limit t → +∞. The other limit is obtained with
trivial modifications. Hence, from now on we assume t > 0. From Eq. (A.2), changing variables
k→ η = k t1/2 and x→ y = x/t1/2 , we obtain
‖(UN−tUDt − F∗cFs)ϕ‖2L2(R+) =
2
π t1/2
∫
∞
0
dy
∣∣∣∣∫∞
0
dη e−iηy−iη
2
(Fsϕ)(η/t1/2)
∣∣∣∣2
=
2
π t1/2
∫ 1
0
dy |F(y, t)|2 +
2
π
1
t1/2
∫
∞
1
dy |F(y, t)|2 ,
with
F(y, t) :=
∫
∞
0
dη e−iηy−iη
2
(Fsϕ)(η/t1/2) .
For any ϕ ∈ C∞0 (R+), Fsϕ belongs to C∞(R+), it decays at infinity faster than any polynomial
in 1/k, (Fsϕ)(0) = 0, moreover
|(Fsϕ)(k)| ≤ 2k√
2π
∫
∞
0
dx x |ϕ(x)| .
Hence,
(A.3)
∫
∞
0
dk
1
kδ
|Fsϕ(k)| <∞ for all δ < 2 .
Additionally, for any ϕ ∈ C∞0 (R+), Fcϕ belongs to C∞(R+), it decays at infinity faster than any
polynomial in 1/k, and |(Fcϕ)(k)| ≤ 2√2π
∫
∞
0
dx |ϕ(x)|. Hence,
(A.4)
∫
∞
0
dk
1
kδ
|Fcϕ(k)| <∞ for all δ < 1 .
Starting from the identity e−iηy−iη
2
= iy+2η
d
dηe
−iηy−iη2 , by integration by parts, we obtain
F(y, t) = F1(y, t) + F2(y, t) ,
with
F1(y, t) :=
∫
∞
0
dη e−iηy−iη
2 2i
(y+ 2η)2
(Fsϕ)(η/t1/2)
and
F2(y, t) :=
1
t1/2
∫
∞
0
dη e−iηy−iη
2 1
i(y+ 2η)
(Fc((·)ϕ))(η/t1/2) .
Since y and η are both positive, from the trivial inequality 1
(y+2η)a
≤ 1
yb
1
(2η)c
for all y, η > 0 and
for all a, b, c > 0 such that a = b+ c, we deduce that
|F1(y, t)| ≤ C
y1/4
∫
∞
0
dη
1
η7/4
|(Fsϕ)(η/t1/2)| = C
t3/8 y1/4
∫
∞
0
dξ
1
ξ7/4
|(Fsϕ)(ξ)| = C
t3/8 y1/4
;
here and in the following C denotes a generic positive constant whose value may depend only on
integrals of the sine (or cosine) Fourier transform of ϕ (or (·)ϕ), as in Eqs. (A.3) and (A.4); the
value of C may change from line to line and precise values for the constants can be obtained. In a
similar way we infer,
|F2(y, t)| ≤ C
t1/2 y1/4
∫
∞
0
dη
1
η3/4
∣∣(Fc((·)ϕ))(η/t1/2)∣∣ = C
t3/8 y1/4
∫
∞
0
dξ
1
ξ3/4
∣∣(Fc((·)ϕ))(ξ)∣∣ = C
t3/8 y1/4
.
Hence,
2
π t1/2
∫ 1
0
dy |F(y, t)|2 ≤ C
t5/4
∫1
0
dy
1
y1/2
≤ C
t5/4
.
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On the other hand, for y > 1,
|F1(y, t)| ≤ C1
y
∫
∞
0
dη
1
η
|(Fsϕ)(η/t1/2)| = C
y
∫
∞
0
dξ
1
ξ
|(Fsϕ)(ξ)| = C
y
and
|F2(y, t)| ≤ C
t1/2 y
∫
∞
0
dη
∣∣(Fc((·)ϕ))(η/t1/2)∣∣ = C
y
∫
∞
0
dξ
∣∣(Fc((·)ϕ))(ξ)∣∣ = C
y
.
So, we obtain
2
π t1/2
∫
∞
1
dy |F(y, t)|2 ≤ C
t1/2
∫
∞
1
dy
1
y2
≤ C
t1/2
.
In this way we have proved that, for all ϕ ∈ C∞0 (R+) there exists a constant C such that
‖(UN−tUDt − F∗cFs)ϕ‖L2(R+) ≤
C
t1/4
for all t > 1 ,
and the latter claim gives the limit in Eq. (A.1) for t→ +∞. 
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